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Stability criteria for delayed neural networks
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In this paper, delay-independent global asymptotic and exponential stability for a class of delayed neural
networks~DNN’s! is investigated, and some criteria are established to ensure stability of DNN’s by applying
the Lyapunov direct method. These criteria are expressed by imposing constraints on weight matrices of the
networks, and they are easy to verify and so are applicable in the design of DNN’s. Comparisons between our
criteria and some earlier results are also made; it is shown that our results generalize some existing criteria in
the literature.
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I. INTRODUCTION

Recently, the stability properties of delayed neural n
works ~DNN’s! have attracted increasing attention. Amo
many existing research works, some deal with dela
Hopfield neural networks~DHNN’s! with smooth activation
functions@1–6#, while others involve delayed cellular neur
networks ~DCNN’s! with piecewise linear activation func
tions @7–13#. Some works consider stability independent d
lays @1–4,6–8,10–13#, and others delay-dependent stabil
@5,9#. In this paper, we focus on the delay-independent g
bal asymptotic or exponential stability of a class of delay
neural networks. Our delayed neural network model inclu
some well known models such as delayed Hopfield ne
networks and delayed cellular neural networks@14# as spe-
cial cases. In the design of a DNN, stability is a main co
cern; in many applications it is desired to design a DNN w
unique equilibrium that is globally asymptotically stab
~GAS! or globally exponentially stable~GES!, by GAS
~GES! we mean that any solution with any initial conditio
will converge~with an exponential speed! to unique equilib-
rium. In this paper we will derive some conditions for glob
asymptotic or exponential stability of DNN’s by th
Lyapunov direct method. This is achieved mainly by co
structing Lyapunov functionals. Comparisons with some e
lier results are also made, it is shown that our results ge
alize some existing conditions in the literature.

Consider the DNN model governed by a set of differen
equations with delays,

ẋi~ t !52cixi~ t !1(
j 51

n

ai j
0 f j„xj~ t !…

1(
j 51

n

ai j
t f j„xj~ t2t j !…1ui , i 51,2, . . . ,n, ~1!

or rewritten as

ẋ~ t !52Cx~ t !1A f~x~ t !!1At f „x~ t2t!…1u,
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where x(t)5(x1(t), . . . ,xn(t))T is the state vector of the
neural network,C5diag(c1 , . . . ,cn) is a diagonal matrix
with positive diagonal entries,ci.0, A5(ai j

0 )n3n is the
weight matrix,At5(ai j

t )n3n is the delayed weight matrix
u5(u1 , . . . ,un)T is the constant input vector,t j>0 are de-
lays, and f „x(t)…5@ f 1„x1(t)…, . . . ,f n„xn(t)…#T, f „x(t2t)…
5@ f 1„x1(t2t1)…, . . . ,f n„xn(t2tn)…#T. For a conventional
DCNN @14#, all functionsf j ’s are the same and take the for
of piecewise linear function asf j (x)5 1

2 (ux11u2ux21u). In
Hopfield neural networks,f j ’s are usually sigmoidal. In this
paper, f j ’s are allowed to be different and more gener
satisfying the following conditions.

~A1! All f j (x)’s are bounded and monotonic nondecre
ing on R, the set of real numbers.

~A2! All f j (x)’s satisfy the global Lipshitz condition, tha
is, there exist real numberskj.0, j 51,2, . . . ,n, such that
u f j (x1)2 f j (x2)u<kj ux12x2u for arbitraryx1 , x2.

Conventional DCNN’s and DHNN’s obviously satisf
these conditions.

Throughout this paper, we will use the following not
tions.

~i! s(z1 ,z2):R3R→R is defined as

s~z1 ,z2!5H 1 if z1.0 or z150 and z2.0

0 if z15z250

21 if z1,0 or z150 and z2,0.

~2!

~ii ! t 5
def

max1<j<n$tj%.
~iii ! K5diag(k1 , . . . ,kn), where the diagonal matrix with

diagonal entrieski .
~iv! I, is then3n identity matrix.
~v! lmax(M), is the largest eigenvalue of a symmetric m

trix M.
~vi! iM i2, is the spectral norm of a matrixM, i.e., iM i2

5$lmax(M
TM)%1/2.

~vii ! iM im , is the Euclidean norm of a matrixM
5(mi j )n3n , i.e., iM im5(( i , jmi j

2 )1/2.
~viii ! iM i1, is the column norm of a matrixM defined by

iM i15maxj$(iumij u%.
~ix! iM i` , is the row norm of a matrixM defined by

iM i`5maxi$(jumij u%.
~x! m`(M ), is the matrix measure defined bym`(M )

5maxi(mii1(jÞiumij u).
©2001 The American Physical Society01-1
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~xi! m1(M ), is the matrix measure defined bym1(M )
5maxj(mjj1(iÞjumij u).

~xii ! m2(M ), is the matrix measure defined bym2(M )
5lmax@(M1MT)/2#.

When the delayed weight matixAt50, model~1! reduces
to the conventional neural networks without delays:

ẋi~ t !52cixi~ t !1(
j 51

n

ai j
0 f j~xj~ t !!1ui , i 51,2, . . . ,n.

~3!

Stability properties of such kinds of networks without d
lays have been extensively studied by many researche
large number of criteria for absolute stability~meaning for
any arbitrarily chosen functionsf j and external inputsui ,
the system has a unique equilibrium which is GAS! have
been derived, most of them given in terms of matrix nor
or matrix measures of the weight matrixA. For example,
some representative results are listed below~when assuming
all ci51, andki51, and using notations of this paper, and
some cases with slightly different assumptions onf j ).

~i! iAi25$lmax(A
TA)%1/2,1; see Ref.@15#.

~ii ! iAi`5maxi$(juaij
0u%,1; see Ref.@16#.

~iii ! m`(A)5maxi(aii
01(jÞiuaij

0u),1; see Ref.@17#.
~iv! m1(A)5maxj(ajj

01(iÞjuaij
0u),1; see Ref.@18#.

~v! maxi$aii
011

2(jÞi(uaij
0u1uaji

0u)%,1; see Ref.@19#.
~vi! m2(A)5lmax$(A1AT)/2%,1; see Ref.@20#.
For any pair of a matrix normi•i and a matrix measure

m(•) induced by the same vector norm, it always holds t
m(•)<i•i , thus among the above conditions,~iii ! is less
conservative than~ii !, ~vi! is less conservative than~i! and
~v!, while ~iii !, ~iv! and~vi! are independent of each other.
theorem 5 of Ref.@21#, the author established a sufficie
condition under the constraint that thef j ’s are differentiable
and with bounded derivatives, which states that~translated to
our notations!, if there exists a diagonal matrixa
5diag(a1 , . . . ,an) with a i.0 such that the matrix

diagS a1c1

k1
, . . . ,

ancn

kn
D1

1

2
~aA1ATa!

is negative definite, then network~3! is globally asymptoti-
cally stable. This condition is further extended to a mo
general case in the theorem 4 of Ref.@22# where constraint
on activation functions is relaxed. This is expressed in
notations as follows: If everyf j (x) is a locally Lipschitz
continuous mapping withf j (0)50, and there exist constan
0,kj,`, j 51,2, . . . ,n, such that

0<
f j~x1!2 f j~x2!

x12x2
<kj

for anyx1 ,x2PR andx1Þx2, and the matrix2A1CK21 is
Lyapunov diagonally stable~LDS!, then the network is glo-
bally asymptotically stable.2A1CK21 being LDS means
that there exists a diagonal matrix a
5diag(a1 ,a2 , . . . ,an) with a i.0 such that 1

2 @(a(2A
1CK21))T1a(2A1CK21)# is positive definite. This con-
05190
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dition is obviously equivalent to the previous one th
diag(a1c1 /k1 , . . . ,ancn /kn)1 1

2 (aA1ATa) is negative
definite, but it is applicable to more general networks. Th
two conditions are extensions of the above mention
condition ~vi!, because the condition that the matr
1
2 @„a(2A1CK21)…T1a(2A1CK21)# is positive definite
is equivalent to that the matrix measu
m2„(AaCK21)21aA(AaCK21)21

…,1; where AaCK21

stands for a diagonal matrix with diagonal entries that
square roots of diagonal entries ofaCK21; when takinga i
51, ci5ki , this condition reduces to condition~vi!. Thus
the above conditions~iii !, ~iv! and ~vi!, expressed by matrix
measures, are three basic results. In this paper, among ot
we will generalize, to some extent, these three condition
delayed neural network cases.

It is not difficult to prove that under conditions~A1! and
~A2! there exists at least one equilibrium for DNN@Eq. ~1!#
and that any solution of Eq.~1! is bounded on@0,1`); see,
for example, Lemmas 1 and 2 of Ref.@10# for details. Now
suppose thatx* 5(x1* ,x2* , . . . ,xn* )T is an equilibrium of Eq.
~1!; by applying the transformationyi(t)5xi(t)2xi* , i
51,2, . . . ,n, Eq. ~1! can be rewritten as

ẏi~ t !52ciyi~ t !1(
j 51

n

ai j
0 gj„yj~ t !…

1(
j 51

n

ai j
t gj„yj~ t2t j…!, i 51,2, . . . ,n ~4!

or

ẏ~ t !52Cy~ t !1Ag~y~ t !!1Atg~y~ t2t!!,

where y(t)5„y1(t), . . . ,yn(t)…T, g„y(t)…
5@g1„y1(t)…, . . . ,gn„yn(t)…#T, g„y(t2t)…5@g1„y1(t

2t1)…, . . . ,gn„yn(t2tn)…#T, and gj„yj (t)…5
def

f j„yj (t)1xj* …
2 f j (xj* ), j 51,2, . . . ,n. According to the properties off j ,
gj possesses the following properties.

~1! ugj (yj )u<kj uyj u.
~2! gj is bounded and monotonic nondecreasing a

gj (0)50.
~3! yjgj (yj )>0, gj

2(yj )<kjyjgj (yj ), andyjgj (yj )<kjyj
2

for any yj .
The stability of Eq.~1! aroundx* corresponds to that o

Eq. ~4! around the trivial equilibrium, so we just conside
system~4!. Generally speaking, an analysis of the dynam
of delayed neural networks is much more difficult than th
of networks without delays, because the introduction of
lays into a network makes the system of equations beco
infinite dimensional.

The differential difference equations~1! and ~4! are cat-
egorized as retarded functional differential equations,

dx~ t !/dt5 f ~ t,xt!, ~5!

wherex(t)PRn, f :R3C→Rn is a functional defined onR

3C. C5
def

C(@2t,0#,Rn) stands for the Banach space of co
1-2
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tinuous functions mapping the interval@2t,0# into Rn with
the norm ifi5sup2t<u<0uf(u)u, where uf(u)u is the l 1
norm of Rn, i.e., uf(u)u5(1< i<nuf i(u)u. xtPC is defined
as xt(u)5x(t1u) for any uP@2t,0#. For the functional
differential equation~5!, its initial condition is an element o
C. Under some conditions onf ~see Ref.@23#! for any given
fPC and t0PR, there exists a unique solution of Eq.~5!
with an initial condition (t0 ,f), which is simply the solution
through (t0 ,f), denoted asx(t0 ,f). For a precise definition
of the GAS of an equilibrium of a functional differentia
equation, see Ref.@23#, here we just give a brief definition o
the GES adopted from@23#.

Definition [23]: For the retarded functional differentia
equation~5!, supposex50 is its unique equilibrium, i.e.
f (t,0)50; then x50 is said to be globally exponentiall
stable if there exist two numbersB>1 anda.0 such that,
for any (t0 ,f), the solutionx(t0 ,f) through (t0 ,f) satisfies

ux~ t0 ,f!u<Bifie(2a(t2t0)). ~6!

This definition defines the exponential stability based
the l 1 norm of Rn and its corresponding induced norm inC.
The definition can also be given with respect to other nor
For example, Eq.~6! can be replaced with

ux~ t0 ,f!u i<Bifi ie
(2a(t2t0)), i 52,̀ , ~7!

where uxu25(( i 51
n uxi u2)1/2, uxu`5max1<i<n$uxiu%, and ifi i

5
def

sup2t<u<0uf(u)u i . The equivalence of the three norm
l i ,i 51,2,̀ ensures the equivalence of definitions by the
different norms.
05190
n
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II. MAIN RESULTS

Theorem 1. If there exists a diagonal matrixP
5diag(p1 ,p2 , . . . ,pn) with positive numberspi.0, i
51, . . . ,n such that

2CPK211
PA1ATP

2
1iPAti2,mI ~8!

is negative definite, then network~4! @of course network~1!#
is globally asymptotically stable, wherei•i2,m stands for ei-
ther the spectral normi•i2 or the Euclidean normi•im of a
square matrix.

Proof.For model~4!, consider the following functional of
y1 ,y2 , . . . ,yn :

V~y1 ,y2 , . . . ,yn!~ t !5(
i 51

n

piE
0

yi (t)

gi~s! ds

1
1

2
iPAti2,m(

i 51

n E
t2t i

t

gi
2
„yi~s!… ds.

~9!

This is obviously a positive definite functional with respe
to y1 ,y2 , . . . ,yn , that takes zero only at (y1 ,y2 , . . . ,yn)T

5(0,0, . . . ,0)T, according to the properties ofgi ’s. Differen-
tiating V with respect to time along the solution of Eq.~4!,
we have
dV

dt
5(

i 51

n

pi H gi„yi~ t !…S 2ciyi~ t !1(
j 51

n

ai j
0 gj„yj~ t !…1(

j 51

n

ai j
t gj„yj~ t2t j !…D 1

iPAti2,m

2 (
i 51

n

@gi
2
„yi~ t !…2gi

2
„yi~ t2t i !…#J

52(
i 51

n

cipiyi~ t !gi„yi~ t !…1(
i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1(

i 51

n

(
j 51

n

pigi„yi~ t !…ai j
t gj„yj~ t2t j !…

1
iPAti2,m

2 (
i 51

n

@gi
2
„yi~ t !…2gi

2
„yi~ t2t i !…#

52(
i 51

n

cipiyi~ t !gi„yi~ t !…1(
i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1g„y~ t !…TPAtg„y~ t2t!…1

iPAti2,m

2 (
i 51

n

@gi
2
„yi~ t !…

2gi
2
„yi~ t2t i !…#

<2(
i 51

n

cipiyi~ t !gi„yi~ t !…1(
i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1ug„y~ t !…Tu2•iPAti2,m•ug„y~ t2t!…u2

1
iPAti2,m

2 (
i 51

n

@gi
2
„yi~ t !…2gi

2
„yi~ t2t i !…#
1-3
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<2(
i 51

n

cipiyi~ t !gi„yi~ t !…1(
i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1

iPAti2,m

2
$@ ug„y~ t !…Tu2#21@ ug„y~ t2t!…u2#2%

1
iPAti2,m

2 (
i 51

n

@gi
2
„yi~ t !…2gi

2
„yi~ t2t i !…#

52(
i 51

n

cipiyi~ t !gi„yi~ t !…1(
i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1iPAti2,m@ ug„y~ t !…u2#2

<2(
i 51

n
cipi

ki
gi

2
„yi~ t !…1(

i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1iPAti2,m~ ug„y~ t !…u2!2

52g„y~ t !…TCPK21g„y~ t !…1g„y~ t !…TPAg„y~ t !…1iPAti2,mg„y~ t !…Tg„y~ t !…

5g„y~ t !…T~2CPK211PA1iPAti2,mI !g„y~ t !…

5g„y~ t !…TS 2CPK211
PA1ATP

2
1iPAti2,mI Dg„y~ t !…. ~10!
-
s

n-
e

e

d

.
-

d
l

ct
The first inequality in Eq.~10! is based on the Cauchy
Schwarz inequality and the compatibility of matrix norm
i•i2 and i•im with the Euclidean vector normuxu2

5
def

(( i 51
n xi

2)1/2. The second inequality is a result of the i
equality ab< 1

2 (a21b2), and the third one is due to th
property gj

2(yj )<kjyjgj (yj ). If 2CPK211(PA1ATP)/2
1iPAti2,m is negative definite, thendV/dt,0 at any
(y1 ,y2 , . . . ,yn)TÞ(0,0, . . . ,0)T. This implies thatV is a
Lyapunov functional for Eq.~4!, and that„y1 ,y2 , . . . ,yn)T

5(0,0, . . . ,0)T is the only globally asymptotically stabl
equilibrium. This completes the proof.

Remark 1.When P5I and C5K, condition ~8! turns to
(iAti2,m21)I 1(A1AT)/2, which is negative definite, an
this is identical to

lmaxH ~ iAti2,m21!I 1
A1AT

2 J
5iAti2,m211lmaxS A1AT

2 D,0,

that is,

m2~A!1iAti2,m,1. ~11!

Condition ~11! coincides with Theorem 4 of Ref.@6#. Arik
and Tavsanoglu@13# @Theorem 1# give a condition which
says that if~i! 2(A1AT) is positive definite;~ii ! iAti2<1,
then the DNN@Eq. ~1!# is globally asymptotically stable
Since condition~i! 2(A1AT) is positive definite is equiva
lent to thatlmax(A1AT),0, and this ism2(A),0, so condi-
tions ~i! and ~ii ! together imply thatm2(A)1iAti2,1; this
is a part of condition~11!, but when condition~11! is satis-
fied, conditions~i! and ~ii ! are not necessarily satisfied, an
this means that our conditions~8! and~11! are more genera
than conditions~i! and ~ii ! of Ref. @13#.
05190
Theorem 2.Suppose there exists a diagonal matrixP
5diag(p1 ,p2 , . . . ,pn) with positive numberspi.0, i
51, . . . ,n, such that

2CPK211
PA1ATP

2
1A* ~12!

is negative definite. Then network~4! is globally asymptoti-
cally stable, where

A* 5
def

diagS 1

2 (
j 51

n

~p1ua1 j
t u1pj uaj 1

t u!,
1

2

3(
j 51

n

~p2ua2 j
t u1pj uaj 2

t u!, . . . ,
1

2

3(
j 51

n

~pnuan j
t u1pj uajn

t u!D
is a diagonal matrix.

Proof.For model~4!, consider the following functional of
y1 ,y2 , . . . ,yn :

V~y1 ,y2 , . . . ,yn!~ t !5(
i 51

n

pi H E
0

yi (t)

gi~s! ds

1
1

2 (
j 51

n

uai j
t u E

t2t j

t

gj
2
„yj~s!… dsJ .

~13!

This is obviously a positive definite functional with respe
to y1 ,y2 , . . . ,yn , that takes zero only at (y1 ,y2 , . . . ,yn)T

5(0,0, . . . ,0)T, according to the properties ofgi ’s. Differen-
tiating V with respect to time along the solution of Eq.~4!,
we have
1-4
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dV

dt
5(

i 51

n

pi H gi„yi~ t !…S 2ciyi~ t !1(
j 51

n

ai j
0 gj„yj~ t !…1(

j 51

n

ai j
t gj„yj~ t2t j !…D 1

1

2 (
j 51

n

uai j
t u@gj

2
„yj~ t !…2gj

2
„yj~ t2t j !…#J

52(
i 51

n

cipiyi~ t !gi„yi~ t !…1(
i 51

n

(
j 51

n

pigi„yi~ t !…ai j
0 gj„yj~ t !…1(

i 51

n

pi H (
j 51

n

gi„yi~ t !…ai j
t gj„yj~ t2t j !…

1
1

2 (
j 51

n

uai j
t u@gj

2
„yj~ t !…2gj

2
„yj~ t2t j !…#J

<2(
i 51

n

cipiyi~ t !gi„yi~ t !…1g„y~ t !…TPAg„y~ t !…1(
i 51

n

pi H 1

2 (
j 51

n

uai j
t u@gi

2
„yi~ t !…1gj

2
„yj~ t2t j !…#

1
1

2 (
j 51

n

uai j
t u@gj

2
„yj~ t !…2gj

2
„yj~ t2t j !…#J

52(
i 51

n

cipiyi~ t !gi„yi~ t !…1g„y~ t !…TPAg„y~ t !…1(
i 51

n H 1

2 (
j 51

n

~pi uai j
t u1pj uaji

t u!gi
2
„yi~ t !…J

<2(
i 51

n
cipi

ki
gi

2
„yi~ t !…1g„y~ t !…TPAg„y~ t !…1(

i 51

n H 1

2 (
j 51

n

~pi uai j
t u1pj uaji

t u!gi
2
„yi~ t !…J

52g„y~ t !…TCPK21g„y~ t !…1g„y~ t !…TPAg„y~ t !…1g„y~ t !…TA* g„y~ t !…

5g„y~ t !…T$2CPK211PA1A* %g„y~ t !…

5g„y~ t !…TH 2CPK211
PA1ATP

2
1A* J g„y~ t !…. ~14!
a

If the symmetric matrix2CPK211(PA1ATP)/21A* is
negative definite, thendV/dt,0 for any (y1 ,y2 , . . . ,yn)T

Þ(0,0, . . . ,0)T. This implies thatV is a Lyapunov functional
of Eq. ~4!, and that (0,0, . . . ,0)T is the only globally asymp-
totically stable equilibrium. This completes the proof.

The condition that the symmetric matrix2CPK21

1(PA1ATP)/21A* is negative definite is equivalent to

lmaxH 2CPK211
~PA1ATP!

2
1A* J ,0. ~15!

By using the fact that every eigenvalue of a symmetric m
trix M is not greater than any measure ofM,

lmax~M !<m1~M !5m`~M !,

we obtain a more tractable~though more restrictive! stability
condition.

Corollary 1. If m1(2CPK211(PA1ATP)/21A* ),0,
i.e.,
05190
-

2
cipi

ki
1piaii

0 1
1

2 (
j Þ i

upiai j
0 1pjaji

0 u

1
1

2 (
j 51

n

~pi uai j
t u1pj uaji

t u!,0, i 51,2, . . . ,n, ~16!

then network~4! is globally asymptotically stable.
Remark 2.Condition ~15! is equivalent to

m2~2CPK211PA1A* !,0. ~17!

WhenP5I andC5K, this condition turns to

m2~A1A* !,1.

Since m2(A1A* )<m2(A)1m2(A* ) and m2(A* )
5 1

2 max1<i<n$(j51
n (uaij

t u1uaji
t u%, a slightly stronger criterion

can be derived as

m2~A!1
1

2
max

1< i<n
H (

j 51

n

~ uai j
t u1uaji

t u!J ,1. ~18!

In addition, the inequality

max
1< i<n

(
j 51

n

~ uai j
t u1uaji

t u!< max
1< i<n

(
j 51

n

uai j
t u1 max

1< i<n
(
j 51

n

uaji
t u

5iAti`1iAti1
1-5
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leads to a further stronger sufficient condition for glob
asymptotic stability:

m2~A!1
1

2
~ iAti`1iAti1!,1. ~19!

Conditions~11!, ~17!, and~19! show that Theorems 1 and
are generalization of condition~vi! for neural networks with-
out delays to the case of DNN’s. From conditions~11! and
~19!, some useful criteria for global asymptotic stabili
could be derived.

~Criterion 1! If the matrix A is skew symmetric, i.e.,A
52AT, andiAti2,m,1 or iAti`1iAti1,2.

~Criterion 2! If the matrix 2(A1AT) is positive definite,
iAti`1iAti1,2.

Remark 3.WhenP5I andC5K, condition~16! reduces
to

aii
0 1

1

2 (
j Þ i

uai j
0 1aji

0 u1
1

2 (
j 51

n

~ uai j
t u1uaji

t u!,1,

i 51,2, . . . ,n.

This condition is more general than Cao’s condition~ii ! in
Ref. @10#.

Theorem 3. If there exist n positive numbers
p1 ,p2 , . . . ,pn and two positive numbersr 1P@0,1#, r 2
P@0,1# such that

a i5
def

2cipi1
1

2 (
j Þ i

~pi uai j
0 ukj

2r 11pj uaji
0 uki

2(12r 1)
!

1
1

2 (
j 51

n

~pi uai j
t ukj

2r 21pj uaji
t uki

2(12r 2)
!

,0, i 51,2, . . . ,n, ~20!

and for all positiveaii
0 .0, i P$1,2, . . . ,n%,

aii
0 ,2

a i

piki
, ~21!
05190
l then the trivial solution of network~4! is globally exponen-
tially stable.

Proof. From conditions~20! and~21!, there exists a smal
real number«.0 such that

a i85
defS 2ci1

«

2D pi1
1

2 (
j Þ i

~pi uai j
0 ukj

2r 11pj uaji
0 uki

2(12r 1)
!

1
1

2 (
j 51

n

~pi uai j
t ukj

2r 21pj uaji
t uki

2(12r 2)e«t i !

,0, i 51,2, . . . ,n, ~22!

and for all positiveaii
0 .0, i P$1,2, . . . ,n%,

aii
0 ,2

a i8

piki
. ~23!

Consider the Lyapunov functional

V„y1 ,y2 , . . . ,yn)~ t !5(
i 51

n

pi H 1

2
yi

2~ t !e«t1
1

2 (
j 51

n

uai j
t u

3kj
2(12r 2)E

t2t j

t

y j
2~s!e«(s1t j ) dsJ ,

~24!

or rewritten as

V~ t,f!5(
i 51

n

pi H 1

2
f i

2~0!e«t1
1

2 (
j 51

n

uai j
t ukj

2(12r 2)

3E
t2t j

t

f j
2~s2t !e«(s1t j ) dsJ . ~25!

This is obviously a positive definite functional with re
spect to y1 ,y2 , . . . ,yn , that takes zero only a
(y1 ,y2 , . . . ,yn)T5(0,0, . . . ,0)T, according to the propertie
of gi ’s. DifferentiatingV with respect to time along the so
lution of Eq. ~4!, we have
dV

dt
5(

i 51

n

pi H yi~ t !S 2ciyi~ t !1(
j 51

n

ai j
0 gj„yj~ t !…1(

j 51

n

ai j
t gj„yj~ t2t j !…D e«t1

1

2
yi

2~ t !«e«t

1
1

2 (
j 51

n

uai j
t ukj

2(12r 2)
„yj

2~ t !e«(t1t j )2yj
2~ t2t j !e

«t
…J

5(
i 51

n

pi H 2ciyi
2~ t !e«t1

«

2
yi

2~ t !e«t1(
j 51

n

yi~ t !ai j
0 gj„yj~ t !…e«t1(

j 51

n

yi~ t !ai j
t gj„yj~ t2t j !…e

«t

1
1

2 (
j 51

n

uai j
t ukj

2(12r 2)
„yj

2~ t !e«t je«t2yj
2~ t2t j !e

«t
…J
1-6
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<(
i 51

n

pi H S 2ci1
«

2D yi
2~ t !e«t1aii

0 yi~ t !gi„yi~ t !…e«t1(
j Þ i

uyi~ t !uuai j
0 ukj uyj~ t !ue«t1(

j 51

n

uyi~ t !iai j
t ukj uyj~ t2t j !u

3e«t1
1

2 (
j 51

n

uai j
t ukj

2(12r 2)
„yj

2~ t !e«t je«t2yj
2~ t2t j !e

«t
…J

<(
i 51

n

pi H S 2ci1
«

2D yi
2~ t !e«t1aii

0 yi~ t !gi„yi~ t !…e«t1
1

2 (
j Þ i

uai j
0 ue«t

„kj
2r 1yi

2~ t !1kj
2(12r 1)yj

2~ t !…

1
1

2 (
j 51

n

uai j
t ue«t

„kj
2r 2yi

2~ t !1kj
2(12r 2)yj

2~ t2t j !…1
1

2 (
j 51

n

uai j
t ukj

2(12r 2)
„yj

2~ t !e«t je«t2yj
2~ t2t j !e

«t
…J

5(
i 51

n H aii
0 piyi~ t !gi„yi~ t !…e«t1F S 2ci1

«

2D pi1
1

2 (
j Þ i

~pi uai j
0 ukj

2r 11pj uaji
0 uki

2(12r 1)
!1

1

2 (
j 51

n

~pi uai j
t ukj

2r 2

1pj uaji
t uki

2(12r 2)e«t i !Gyi
2~ t !e«tJ

5(
i 51

n

$aii
0 piyi~ t !gi„yi~ t !…1a i8yi

2~ t !%e«t. ~26!

From Eq.~22!, a i8,0; thus, according to the properties of the functionsgi ,

a i8yi
2~ t !<

a i8

ki
yi~ t !gi„yi~ t !….

Therefore, it follows from Eq.~26! that

dV

dt
<(

i 51

n S a i8

ki
1aii

0 pi D yi~ t !gi„yi~ t !…e«t.

It again follows from conditions~22! and~23! thata i8/ki1aii
0 pi,0 for all i 51,2, . . . ,n, together with the properties ofgi , we

have

dV

dt
<(

i 51

n S a i8

ki
2

1
aii

0 pi

ki
D gi

2
„yi~ t !…)e«t<2b1(

i 51

n

gi
2
„yi~ t !…e«t,

whereb15min1<i<n$2ai8/ki
22aii

0pi /ki%.0. From this, we have

V~ t !<V~0!, for all t.0. ~27!

The construction of the Lyapunov functional implies that

1

2
min

1< i<n
$pi%e

«t(
i 51

n

yi
2~ t !<(

i 51

n
1

2
piyi

2~ t !e«t<V~ t !, ~28!

and from Eq.~25!, we have

V~0!5(
i 51

n

pi H 1

2
f i

2~0!1
1

2 (
j 51

n

uai j
t ukj

2(12r 2)E
2t j

0

f j
2~s!e«(s1t j )dsJ

<
1

2
max

1< i<n
$pi%(

i 51

n

f i
2~0!1

1

2 (
i 51

n

(
j 51

n

pi uai j
t ukj

2(12r 2)e«t jE
2t j

0

f j
2~s!ds
051901-7
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<
1

2
max

1< i<n
$pi%ifi2

21(
j 51

n H 1

2 (
i 51

n

pi uai j
t ukj

2(12r 2)e«t jJ E
2t

0

f j
2~s!ds

<
1

2
max

1< i<n
$pi%ifi2

21 max
1< j <n

H 1

2 (
i 51

n

pi uai j
t ukj

2(12r 2)e«t jJ (
j 51

n E
2t

0

f j
2~s!ds

5
1

2
max

1< i<n
$pi%ifi2

21 max
1< j <n

H 1

2 (
i 51

n

pi uai j
t ukj

2(12r 2)e«t jJ E
2t

0

(
j 51

n

f j
2~s!ds

<S 1

2
max

1< i<n
$pi%1 max

1< j <n
H 1

2 (
i 51

n

pi uai j
t ukj

2(12r 2)e«t jtJ D ifi2
2 . ~29!

Combining inequalities~27!, ~28!, and~29!, we have

iy~ t !i25S (
i 51

n

yi
2~ t !D 1/2

<Bifi2e2(«/2)t,

where

B5maxH 1,F ~ min
1< i<n

$pi%!21S max
1< i<n

$pi%1 max
1< j <n

H (
i 51

n

pi uai j
t ukj

2(12r 2)e«t jtJ D G 1/2J .

This finishes the proof of the theorem.
Remark 4.The sufficient condition in theorem 3 is equivalent to

1

ci
H 2~aii

0 !1ki1(
j Þ i

S uai j
0 ukj

2r 11
pj

pi
uaji

0 uki
2(12r 1)D1(

j 51

n S uai j
t ukj

2r 21
pj

pi
uaji

t uki
2(12r 2)D J ,2, i 51,2, . . . ,n. ~30!

When taking allpi51, this condition turns to

1

ci
H 2~aii

0 !1ki1(
j Þ i

~ uai j
0 ukj

2r 11uaji
0 uki

2(12r 1)
!1(

j 51

n

~ uai j
t ukj

2r 21uaji
t uki

2(12r 2)
!J ,2, i 51,2, . . . ,n. ~31!

Condition ~31! corresponds to the result of Theorem 1 in Ref.@11#, but is less conservative than that since (aii
0 )1<uaii

0 u.
Here global exponential stability is ensured.

Theorem 4.If there existn positive real numberspi.0, i 51,2, . . . ,n such that

max
1< i<n

H 2
ci

ki
1aii

0 1(
j Þ i

pj

pi
uaji

0 u1(
j 51

n
pj

pi
uaji

t uJ ,0, ~32!

then the delayed neural network~4! is globally exponentially stable.
Proof. If condition ~32! holds, there exists a positive number«.0 such that«,ci , i 51,2, . . . ,n and

max
1< i<n

H «2ci

ki
1aii

0 1(
j Þ i

pj

pi
uaji

0 u1(
j 51

n
pj

pi
uaji

t ue«t iJ ,0. ~33!

For any initial conditionfPC, suppose the solution throughf is y(t)5„y1(t), . . . ,yn(t)…T, define a Lyapunov functional a

V~y1 ,y2 , . . . ,yn!~ t !5(
i 51

n

pi H uyi~ t !ue«t1(
j 51

n

uai j
t u E

t2t j

t

ugj„yj~s!…ue«(s1t j ) dsJ , ~34!

or rewrite in terms off as

V~ t,f!5(
i 51

n

pi H uf i~0!ue«t1(
j 51

n

uai j
t u E

t2t j

t

ugj„f j~s2t !…ue«(s1t j ) dsJ . ~35!
051901-8
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Obviously, V„y1 ,y2 , . . . ,yn)(t).0 for (y1 ,y2 , . . . ,yn)Þ(0,0, . . . ,0) and V(y1 ,y2 , . . . ,yn)(t)50 only at
„y1 ,y2 , . . . ,yn)5(0,0, . . . ,0). Wecalculate the upper right Dini derivative ofV along the solution of Eq.~4! and estimating
its right hand side we have

D1V5(
i 51

n

pi H «uyi~ t !ue«t1s~yi ,dyi /dt!S 2ciyi~ t !1(
j 51

n

ai j
0 gj„yj~ t !…1(

j 51

n

ai j
t gj„yj~ t2t j !…D e«t

1(
j 51

n

uai j
t u@ ugj„yj~ t !…ue«(t1t j )2ugj„yj~ t2t j !…ue«t#J

5(
i 51

n

pi H aii
0gi„yi~ t !…s~yi ,dyi /dt!eet1(

j Þ i
ai j

0 s„yi ,dyi /dtDgj„yj~ t !…e«t1(
j 51

n

ai j
t s„yi ,dyi /dt)gj„yj~ t2t j !…

3e«t1«uyi~ t !ue«t2ci uyi~ t !ueet1(
j 51

n

uai j
t igj„yj~ t !…ue«(t1t j )2(

j 51

n

uai j
t igj„yj~ t2t j !…ue«t

<(
i 51

n

pi H «2ci

ki
ugi„yi~ t !…ue«t1aii

0 ugi„yi~ t !…ue«t1(
j Þ i

uai j
0 igj„yj~ t !…ue«t1(

j 51

n

uai j
t igj„yj~ t2t j !…ue«t

1(
j 51

n

uai j
t igj„yj~ t !…ue«(t1t j )2(

j 51

n

uai j
t igj„yj~ t2t j !…ue«tJ

5(
i 51

n

pi H S «2ci

ki
1aii

0 D ugi„yi~ t !…ue«t1(
j Þ i

uai j
0 igj„yj~ t !…ue«t1(

j 51

n

uai j
t igj„yj~ t !…ue«(t1t j )J

5(
i 51

n

pi H «2ci

ki
1aii

0 1(
j Þ i

S pj

pi
uaji

0 u D1(
j 51

n S pj

pi
uaji

t ue«t i D J ugi„yi~ t !…ue«t

<2b2(
i 51

n

ugi„yi~ t !…ue«t, ~36!

where, by inequality~33!,

b25
def

min
1< i<n

H pi S ci2«

ki
2aii

0 D2(
j Þ i

uaji
0 upj2(

j 51

n

uaji
t upje

«t iJ .0.

In the estimation of Eq.~36!, the facts thats(yi ,dyi /dt)yi5uyi u ands(yi ,dyi /dt)gi(yi)5ugi(yi)u have been used. Th
first inequality is due to the fact that«,ci and ugi„yi(t)…u<ki uyi(t)u.

It follows from Eq. ~36! that

V~ t !<V~0!, for t.0, ~37!

and from Eq.~34! that

min
1< i<n

$pi%e
«t(

i 51

n

uyi~ t !u<(
i 51

n

pi uyi~ t !ue«t<V~ t !. ~38!

According to Eq.~35!,

V~0!5(
i 51

n

pi H uf i~0!u1(
j 51

n

uai j
t u E

2t j

0

ugj„f j~s!…ue«(s1t j )dsJ
< max

1< i<n
$pi%(

i 51

n

uf i~0!u1(
i 51

n

(
j 51

n

pi uai j
t u E

2t j

0

kj uf j~s!ue«t jds
051901-9
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< max
1< i<n

$pi%ifi1(
j 51

n H (
i 51

n

pi uai j
t ukje

«t jJ E
2t j

0

uf j~s!uds

< max
1< i<n

$pi%ifi1 max
1< j <n

H (
i 51

n

pi uai j
t ukje

«t jJ E
2t

0

(
j 51

n

uf j~s!uds

<S max
1< i<n

$pi%1 max
1< j <n

H (
i 51

n

pi uai j
t utkje

«t jJ D ifi . ~39!
l

a
l

l

ity

’s

l

ns
n

e

a

Combining Eqs.~37!, ~38! and ~39!, we obtain

(
i 51

n

uyi~ t !u<Bifie2«t, ~40!

where

B5maxH ~ min
1< i<n

$pi%!21S max
1< i<n

$pi%

1 max
1< j <n

H (
i 51

n

pi uai j
t utkje

«t jJ D ,1J
>1. ~41!

This has proven the theorem.
Remark 5. Condition ~32! can be rewritten as

m1(PAP21C21K)1iPAtP21C21Ki1,1, where P
5diag(p1 ,p2 , . . . ,pn) is a diagonal matrix with diagona
entries asp1 ,p2 , . . . ,pn . If all ci5ki in network ~1!, i.e.,
C5K, Eq. ~32! is equivalent tom1(PAP21)1iPAtP21i1
,1. WhenP5I , the identity matrix of sizen, this condition
further reduces tom1(A)1iAti,1. This implies that condi-
tion ~32! is an extension of above condition~iv! for neural
networks without delay to the delayed case.

Remark 6.Zhang Yi @2# considered a special case of
network model@Eq. ~1!# when ignoring the intraneural signa
transmission delays, which is a special case of our mode~1!
when ai j

0 50, for any iÞ j , aii
t 50 for any i and C5K5I .

Sufficient conditions ensuring global exponential stabil
were established by the author as~in our notations! aii

0 ,0,
i 51,2, . . . ,n and m1(P(A1At)P21),0. These conditions
are equivalent toaii

0 ,0 and

aii
0 1(

j Þ i

pj

pi
uaji

t u,0.

Applying Eq. ~32!, our criterion can be expressed as

max
1< i<n

H aii
0 1(

j Þ i

pj

pi
uaji

t uJ ,1.

It is obvious that our condition is weaker than Zhang Yi
The authors of Ref.@3# investigated a special case of Eq.~1!
when A50. Without assuming that t i50, for i
51,2, . . . ,n, they proposed a condition for globa
05190
.

asymptotic stability that could be rewritten in our notatio
as iAtC21Ki1,1; this condition coincides with ours whe
A50 andP5I .

Theorem 5.Suppose the condition

~aii
0 !1ki1(

j Þ i
uai j

0 ukj1(
j 51

n

uai j
t ukj,ci , i 51,2, . . . ,n,

~42!

holds. Then the delayed neural network@Eq. ~4!# is globally
exponentially stable.

Proof. If condition ~42! holds, there must exist a positiv
real number« such that

2ci1«1~aii
0 !1ki1(

j Þ i
uai j

0 ukj1(
j 51

n

uai j
t ukje

«t j,0,

i 51,2, . . . ,n. ~43!

Supposey(t)5„y1(t),y2(t), . . . ,yn(t)…TPRn is a solution
of Eq. ~4! with an initial functionfPC. For anyt.0, we
defineuyi (t)(t)u5max1<i<nuyi(t)u, i.e., 1< i (t)<n is the index
of the component of the solution vectory(t) at which the
maximum value of uyi(t)u is achieved. We construct
Lyapunov functional for network~4! as

V~y1 ,y2 , . . . ,yn!~ t !5uyi (t)~ t !ue«t1(
j 51

n

uai (t) j
t u

3E
t2t j

t

ugj„yj~s!…ue«(s1t j )ds,

~44!

or rewrite with respect tof as

V~ t,f!5uf i (t)~0!ue«t1(
j 51

n

uai (t) j
t u

3E
t2t j

t

ugj„f j~s2t !…ue«(s1t j )ds. ~45!

Obviously, V is bounded and for any (y1 ,y2 , . . . ,yn)
Þ(0,0, . . . ,0),V(y1 ,y2 , . . . ,yn)(t).0. Calculating the up-
per right Dini derivative of Eq.~44! along the solutiony(t)
of Eq. ~4!, we have
1-10
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D1V5s~yi (t) ,dyi (t) /dt!S 2ci (t)yi (t)~ t !1(
j 51

n

ai (t) j
0 gj„yj~ t !…1(

j 51

n

ai (t) j
t gj„yj~ t2t j !…D e«t1«uyi (t)~ t !ue«t

1(
j 51

n

uai (t) j
t u„ugj„yj~ t !…ue«(t1t j )2ugj„yj~ t2t j !…ue«t

…

52ci (t)uyi (t)~ t !ue«t1ai (t) i (t)
0 gi (t)„yi (t)~ t !…s~yi (t) ,dyi (t) /dt!e«t1«uyi (t)~ t !ue«t

1 (
j Þ i (t)

ai (t) j
0 s~yi (t) ,dyi (t) /dt!gj„yj~ t !…e«t1(

j 51

n

ai (t) j
t s~yi (t) ,dyi (t) /dt!gj„yj~ t2t j !…e

«t

1(
j 51

n

uai (t) j
t u@ ugj„yj~ t !…ue«(t1t j )2ugj„yj~ t2t j !…ue«t#

<~2ci (t)1«!uyi (t)~ t !ue«t1ai (t) i (t)
0 ugi (t)„yi (t)~ t !…ue«t1 (

j Þ i (t)
uai (t) j

0 uugj„yj~ t !…ue«t1(
j 51

n

uai (t) j
t uugj„yj~ t2t j !…ue«t

1(
j 51

n

uai (t) j
t uugj„yj~ t !…ue«(t1t j )2(

j 51

n

uai (t) j
t uugj„yj~ t2t j !…ue«t

5H ~2ci (t)1«!uyi (t)~ t !u1ai (t) i (t)
0 ugi (t)„yi (t)~ t !…u1 (

j Þ i (t)
uai (t) j

0 uugj„yj~ t !…u1(
j 51

n

uai (t) j
t uugj„yj~ t !…ue«t jJ e«t

<H ~2ci (t)1«!uyi (t)~ t !u1~ai (t) i (t)
0 !1ki (t)uyi (t)~ t !u1 (

j Þ i (t)
uai (t) j

0 ukj uyj~ t !u1(
j 51

n

uai (t) j
t ukj uyj~ t !ue«t jJ e«t

<H 2ci (t)1«1~ai (t) i (t)
0 !1ki (t)1 (

j Þ i (t)
uai (t) j

0 ukj1(
j 51

n

uai (t) j
t ukje

«t jJ uyi (t)~ t !ue«t

<2b3uyi (t)~ t !ue«t, ~46!
ted.
s

l-

al
where

b35
def

min1< i<nH ci2«2~aii
0 !1ki2(

j Þ i
uai j

0 ukj

2(
j 51

n

uai j
t ukje

«t jJ .

According to condition~43!, b3.0. It follows from Eq.~46!
that

V~ t !<V~0! for t.0. ~47!

From Eq.~45!, we have

V~0!5uf i (0)~0!u1(
j 51

n

uai (0) j
t u E

2t j

0

ugj„f j~s!…ue«(s1t j )ds

<ifi`1(
j 51

n

uai (0) j
t ukje

«tE
2t

0

uf j~s!uds

<S 11(
j 51

n

uai (0) j
t ukje

«tt D ifi` , ~48!
05190
and Eq.~44! implies that

uyi (t)~ t !ue«t<V~ t !. ~49!

Combining Eqs.~47!, ~48!, and~49!, we obtain

uy~ t !u`5 max
1< i<n

uyi~ t !u5yi (t)~ t !

<S 11(
j 51

n

uai (0) j
t ukje

«tt D ifi`e2«t. ~50!

This implies that the solutiony(t) converges, with respect to
the norm u•u` of Rn, to the only equilibriumy50 at an
exponential rate. The proof of the theorem is thus comple

Corollary 2. When the activation functions of all neuron
are identical, i.e.,gi5g in Eq. ~4!, and furtherg is odd sym-
metry, i.e.,g(2x)52g(x), then a global exponential stabi
ity criterion is

aii
0 1(

j Þ i
uai j

0 u1(
j 51

n

uai j
t u,

ci

ki
, i 51,2, . . . ,n. ~51!

Proof. If Eq. ~51! holds, there must exist a small positive re
number«.0 such that«,ci for all i 51,2, . . . ,n, and
1-11
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~2ci1«!

ki
1aii

0 1(
j Þ i

uai j
0 u1(

j 51

n

uai j
t ue«t j,0,

i 51,2, . . . ,n. ~52!
5
ix

f

ar

dd
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Note that if g is odd symmetry, then fori (t) defined by
uyi (t)(t)u5max1<i<nuyi(t)u, ug„yi (t)(t)…u5max1<i<nug„yi(t)…u
also holds. Defining the same Lyapunov functional as
Theorem 5 and following a similar estimation procedure,
obtain
D1V<H ~2ci (t)1«!uyi (t)~ t !u1ai (t) i (t)
0 ug„yi (t)~ t !…u1 (

j Þ i (t)
uai (t) j

0 uug„yj~ t !…u1(
j 51

n

uai (t) j
t uug„yj~ t !…ue«t jJ e«t

<H 2ci (t)1«

ki
ug„yi (t)~ t !…u1ai (t) i (t)

0 ug„yi (t)~ t !…u1 (
j Þ i (t)

uai (t) j
0 uug„yj~ t !…u1(

j 51

n

uai (t) j
t uug„yj~ t !…ue«t jJ e«t

<H 2ci (t)1«

ki
1ai (t) i (t)

0 1 (
j Þ i (t)

uai (t) j
0 u1(

j 51

n

uai (t) j
t ue«t jJ ug„yi (t)~ t !…ue«t

<2b4ug„yi (t)~ t !…ue«t, ~53!
2

or-

er
where, by inequality~52!,

b45
def

min
1< i<n

H ci2«

ki
2aii

0 2(
j Þ i

uai j
0 u2(

j 51

n

uai j
t ue«t jJ .0.

The remainder of the proof is identical to that of theorem
Remark 7.Condition ~51! can be represented in matr

measures and norms as:m`(C21KA)1iC21KAti`,1.
When C5K, the condition becomesm`(A)1iAti`,1.
This indicates that condition~51! is a generalized version o
condition ~iii ! @17# for neural networks without delays. A
more general version of Theorem 5 and Corollary 2
stated in the Corollary 3.

Corollary 3. If there exist n positive real numbers
p1 ,p2 , . . . ,pn such that

2cipi1~aii
0 !1kipi1(

j Þ i
uai j

0 ukj pj1(
j 51

n

uai j
t ukj pj,0,

i 51,2, . . . ,n, ~54!

or further when all activation functions are identical and o
symmetry, and

2cipi1aii
0kipi1(

j Þ i
uai j

0 ukipj1(
j 51

n

uai j
t ukipj,0,

i 51,2, . . . ,n, ~55!

then neural network~4! @and thus network~1!# is globally
exponentially stable.

Proof. Transforming Eq.~4! with yi5pizi , this turns to
.

e

dzi~ t !

dt
52cizi~ t !1(

j 51

n

ai j
0 1

pi
gj„pjzj~ t !…

1(
j 51

n

ai j
t 1

pi
gj„pjzj~ t2t j !…, i 51,2, . . . ,n.

~56!

If one letshj (z)5(1/pj )gj (pjz), then Eq.~56! can be rewrit-
ten as

dzi~ t !

dt
52cizi~ t !1(

j 51

n

ai j
0 pj

pi
hj„zj~ t !…

1(
j 51

n

ai j
t pj

pi
hj„zj~ t2t j !…, i 51,2, . . . ,n.

~57!

Since dhj /dzuz5dgj /dyupjz
, functions hj have the same

properties asgj . Hence applying Theorem 5 and Corollary
to Eq. ~57!, respectively, we can obtain conditions~54! and
~55! for system~57!. Moreover, systems~4! and ~57! have
same stability properties. This finishes the proof of the c
ollary.

Remark 8.Condition ~55! can be expressed in anoth
way as

m`~P21C21KAP!1iP21C21KAtPi`,1.

Condition~51! serves as its special case when takingP5I . It
is easy to observe that the criterion in Ref.@4# is identical
with our condition~54! whenA50.
1-12
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III. CONCLUDING REMARKS

In this paper, we have established some sufficient crit
for delay-independent global asymptotic or exponential s
bility of delayed neural networks. Our results general
some existing results in the literature, as stated in the ab
remarks. Our main results are formulated in Theorems 1
and their corollaries. Among these results, conditions~8!,
~12!, ~30!, ~32!, and ~54! are five basic ones that are ind
pendent of one another. To illustrate their independence
the following we will give some simple examples, whe
only one condition is satisfied and the other four fail. F
simplicity, in what follows, we consider a DNN with onl
two neurons, and further assume that allpi51, i.e.,P5I and
C5K5I , unless otherwise stated.

~1! A two-neuron DNN with weight matrices

A5S 0.55 0.1

0.2 20.2D , At5S 0.33 0.16

0.1 20.15D ,

only satisfies condition~8! for both Euclidean and spectra
norms, the other four conditions are not satisfied.

~2! For matrices

A5S 0.3 0.15

0.05 20.1D , At5S 0.1 0.5

0.6 0.2D ,

only condition~12! holds.
~3! The choice of matrices
tw

E

s.

its

s

05190
ia
-

e
ve
5

in

r

A5S 0.5 0.2

0.1 0.3D , At5S 0.5 0.7

1.0 0.5D ,

K5S 0.4

0.25D , C5S 0.74

0.55D ,

only satisfy condition~30! for the case ofr 15r 251/2.
~4! If we select weight matrices as

A5S 20.5 0.05

0.1 20.1D , At5S 1.0 0.9

0.2 0.05D ,

then only condition~32! is satisfied.
~5! If we select weight matrices as

A5S 0.1 0.25

0.15 0.4D , At5S 0.2 0.4

0.1 0.3D ,

then only condition~54! is satisfied.
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